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AUSLANDER-REITEN DUALITY FOR GROTHENDIECK
ABELIAN CATEGORIES
HENNING KRAUSE
Abstract. Auslander-Reiten duality for module categories is generalised to
Grothendieck abelian categories that have a sufficient supply of finitely pre-
sented objects. It is shown that Auslander-Reiten duality amounts to the fact
that the functor Ext1(C,−) into modules over the endomorphism ring of C
admits a partially defined right adjoint when C is a finitely presented ob-
ject. This result seems to be new even for module categories. For appropriate
schemes over a field, the connection with Serre duality is discussed.
1. Introduction
The cornerstones of Auslander-Reiten duality are the following formulas for mod-
ules over an artin algebra Λ:
DExt1Λ(C,−)
∼= HomΛ(−, DTrC) and Ext
1
Λ(−, DTrC)
∼= DHomΛ(C,−).
They were established by Auslander and Reiten [4] and later generalised to modules
over arbitrary rings [1]. The crucial ingredient is the explicit construction of the
Auslander-Reiten translate by taking the dual of the transpose DTrC of a finitely
presented module C.
There are several options to generalise this. A very elegant approach due to
Bondal and Kapranov [7] uses the notion of a Serre functor for a triangulated
category. In particular, this reveals the close connection between Auslander-Reiten
duality and Serre duality.
For abelian categories, Auslander and Reiten established in [3] a generalisation
by introducing the concept of a dualising variety. Further approaches include the
work of Reiten and Van den Bergh for hereditary abelian categories [22] and that
of Lenzing and Zuazua [19].
The aim of this paper is to establish Auslander-Reiten duality more generally for
Grothendieck abelian categories that have a sufficient supply of finitely presented
objects. We mimick the construction of the Auslander-Reiten translate by invoking
the existence of flat covers in certain functor categories. In fact, we show that the
Auslander-Reiten translate is the representing object of a specific functor; so our
approach is somewhat similar to Neeman’s acccount of Grothendieck duality via
Brown representability [20].
Motivated by the general setting of Grothendieck abelian categories, we obtain
a coherent formulation of Auslander-Reiten duality which seems to be new even
for module categories. For a finitely presented module we provide an explicit con-
struction of the Auslander-Reiten translate; it is a modification of the original
construction due to Auslander and Reiten.
For an abelian category A let A denote the stable category modulo injectives,
which is obtained from A by identifying two morphisms φ, φ′ : X → Y if
Ext1A(−, φ) = Ext
1
A(−, φ
′).
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When A has enough injective objects this means φ−φ′ factors through an injective
object. We write HomA(−,−) for the morphisms in A. Analogously, the stable
category modulo projectives A is defined.
Theorem 1.1. Let A be a Grothendieck abelian category that is locally finitely
presented. Fix a finitely presented object C and set Γ = EndA(C). Then for every
injective Γ-module I there exists an object τC(I) in A and a natural isomorphism
(1.1) HomΓ(Ext
1
A(C,−), I)
∼= HomA(−, τC(I)).
We refer to Theorem 2.9 for the proof of this result and continue with some
consequences.
Another version of Auslander-Reiten duality involves the stable category modulo
projectives. We say that A has enough projective morphisms if every object X in
A admits an epimorphism π : X ′ → X such that Ext1A(π,−) = 0.
Corollary 1.2. For an injective Γ-module I there is a natural monomorphism
(1.2) Ext1A(−, τC(I)) −→ HomΓ(HomA(C,−), I)
which is an isomorphism when A has enough projective morphisms.
A necessary and sufficient condition for (1.2) to be an isomorphism is given in
Theorem 2.15. For an intriguing symmetry between (1.1) and (1.2), see Appendix B.
Note that the roˆles of (1.1) and (1.2) are quite different. The first one provides
the Auslander-Reiten translate as a representing object, while the second seems
to be more suitable for applications. For instance, (1.2) is used for constructing
almost split sequences. Also, (1.2) identifies with Serre duality for categories of
quasi-coherent sheaves over projective schemes.
There is an equivalent formulation of the isomorphism (1.1) in terms of the defect
of an exact sequence [1]. Given an exact sequence
ξ : 0 −→ X −→ Y −→ Z −→ 0
in A, the covariant defect ξ∗ and the contravariant defect ξ
∗ are defined by the
exactness of the following sequences:
0 −→ HomA(Z,−) −→ HomA(Y,−) −→ HomA(X,−) −→ ξ∗ −→ 0
0 −→ HomA(−, X) −→ HomA(−, Y ) −→ HomA(−, Z) −→ ξ
∗ −→ 0
Corollary 1.3. For an injective Γ-module I there is a natural isomorphism
HomΓ(ξ
∗(C), I) ∼= ξ∗(τC(I)).
In applications one often deals with an abelian category that is k-linear over
a commutative ring k. In that case the isomorphism (1.1) gives for any injective
k-module I a natural isomorphism
(1.3) Homk(Ext
1
A(C,−), I)
∼= HomA(−, τ(C, I))
by setting τ(C, I) = τC(Homk(Γ, I)). For instance, when A is the category of
modules over a k-algebra Λ and C is a finitely presented Λ-module, then
τ(C, I) = Homk(TrC, I).
A case of particular interest is given by a non-singular projective scheme X of
dimension d ≥ 1 over a field k. For the category A of quasi-coherent OX-modules
and a coherent OX-module C we have
τ(C, k) = Σd−1(C ⊗X ωX)
where ωX is the dualising sheaf and Σ
d−1 denotes the (d− 1)st syzygy in a minimal
injective resolution. In that case the isomorphism (1.3) is a variation of Serre
AUSLANDER-REITEN DUALITY FOR GROTHENDIECK ABELIAN CATEGORIES 3
duality [12, 23]. In fact, a more familiar form of Serre duality is given by the
natural isomorphism
Ext1
X
(−,Σd−1(C ⊗X ωX)) ∼= Ext
d
X
(−, C ⊗X ωX) ∼= Homk(HomX(C,−), k)
which identifies with (1.2) since Hom
X
(C,−) = HomX(C,−). This provides a pre-
cise connection between Auslander-Reiten duality and Serre duality.
For an arbitrary Grothendieck abelian category the construction of the Auslander-
Reiten translate τC(I) is far from explicit; it involves the existence of flat covers
which was an open problem for about twenty years [6].1 When A is the category
of modules over a ring, we provide an explicit description of the Auslander-Reiten
translate, making also the connection with the dual of the transpose of Auslander
and Reiten; see Definition 3.3 and Theorem 3.4.
This paper has three parts. First we deal with the general case of a Grothendieck
abelian category, then we consider the Auslander-Reiten translate for module cat-
egories, and the final section is devoted to Auslander-Reiten duality for categories
of quasi-coherent sheaves.
2. Auslander-Reiten duality for Grothendieck abelian categories
In this section we introduce the Auslander-Reiten translate for Grothendieck
abelian categories that are locally finitely presented (Theorem 2.9).
Following [8], a Grothendieck abelian category A is locally finitely presented if
the finitely presented objects generate A. Recall that an object X in A is finitely
presented if the functor HomA(X,−) preserves filtered colimits. We denote by fpA
the full subcategory of finitely presented objects in A. Note that the isomorphism
classes of finitely presented objects form a set when A is locally finitely presented.
We begin with some preparations.
Modules. Let A be an additive category. We write (Aop,Ab) for the category
of additive functors Aop → Ab where Ab denotes the category of abelian groups.
The morphisms between functors are the natural transformations and we obtain an
abelian category. Note that (co)kernels and (co)products are computed pointwise:
for instance, a sequence X → Y → Z of morphisms in (Aop,Ab) is exact if and
only if the sequence X(A)→ Y (A)→ Z(A) is exact in Ab for all A in A. When A
is essentially small, then the morphisms between two functors in (Aop,Ab) form a
set.
Now fix a set C of objects in A and view C as a full subcategory of A. We set
Mod C = (Cop,Ab) and call the objects C-modules. For example, if C consists of
one object C, then Mod C is the category of modules over the endomorphism ring
of C.
Restriction and coinduction. Let A be an additive category. For a full subcat-
egory C ⊆ A there is the restriction functor
(Aop,Ab) −→ (Cop,Ab), F 7→ F |C
and its right adjoint, the coinduction functor
coindC : (C
op,Ab) −→ (Aop,Ab)
given by
coindC I(X) = Hom(HomA(−, X)|C , I) for I ∈ (C
op,Ab), X ∈ A.
1There is an alternative proof of Theorem 1.1 which obtains the Auslander-Reiten translate
from Brown representability, using the fact that the homotopy category of complexes of injective
objects K(InjA) is a compactly generated triangulated category [17, 25].
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Thus for F ∈ (Aop,Ab) and I ∈ (Cop,Ab), there is an isomorphism
(2.1) Hom(F |C , I) ∼= Hom(F, coindC I).
Lemma 2.1. The functor coindC preserves injectivity.
Proof. The restriction functor is exact, and any right adjoint of an exact functor
preserves injectivity. 
Finitely presented functors. Let A be an additive category. We denote by
Fp(Aop,Ab) the category of finitely presented functors F : Aop → Ab. Recall that
F is finitely presented (or coherent) if it fits into an exact sequence
HomA(−, X) −→ HomA(−, Y ) −→ F −→ 0.
Note that Fp(Aop,Ab) is an abelian category when A admits kernels. Then the
assignment X 7→ HomA(−, X) identifies A with the full subcategory of projective
objects in Fp(Aop,Ab) by Yoneda’s lemma.
Flat functors and flat covers. Let C be an essentially small additive category.
We consider the category (Cop,Ab) of additive functors F : Cop → Ab. Recall that
F is flat if it can be written as a filtered colimit of representable functors.
The following result describes the connection between locally finitely presented
categories and categories of flat functors.
Theorem 2.2 (Breitsprecher [8]). Let A be a locally finitely presented Grothendieck
abelian category. Then the functor
A −→ ((fpA)op,Ab), X 7→ HomA(−, X)|fpA
identifies A with the full subcategory of flat functors (fpA)op → Ab. Moreover, the
functor admits an exact left adjoint. 
A morphism π : F → G in (Cop,Ab) is a flat cover of G if the following holds:
(1) F is flat and every morphism F ′ → G with F ′ flat factors through π.
(2) π is right minimal, that is, an endomorphism φ : F → F satisfying πφ = π
is invertible.
A minimal flat presentation of G is an exact sequence
F1 −→ F0
pi
−→ G −→ 0
such that F0 → G and F1 → Kerπ are flat covers. A projective cover and a
minimal projective presentation are defined analogously, replacing the term flat by
projective.2
Theorem 2.3 (Bican–El Bashir–Enochs [6]). Every additive functor Cop → Ab
admits a flat cover. 
The following consequence is straightforward; see [16, Theorem 2.2].
Corollary 2.4. Let A be a locally finitely presented Grothendieck abelian cate-
gory. Then every functor F : Aop → Ab that preserves filtered colimits belongs to
Fp(Aop,Ab) and admits a minimal projective presentation.
Proof. Choose a minimal flat presentation of F |fpA and apply Theorem 2.2. 
The next lemma will be needed to identify injective objects in a locally finitely
presented Grothendieck abelian category.
Lemma 2.5. Let C be an essentially small additive category and consider the fol-
lowing conditions in (Cop,Ab).
2This definition of a projective cover is equivalent to the usual one which requires the kernel
to be superfluous.
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(1) Given a minimal injective copresentation 0→ G→ I0 → I1 such that G is
flat, then I0 and I1 are flat.
(2) Given a minimal flat presentation F1 → F0 → G → 0 such that G is
injective, then F0 and F1 are injective.
Then (1) implies (2).
Proof. Fix a minimal flat presentation F1 → F0
pi
−→ G→ 0 such that G is injective.
Let F0 → E(F0) be an injective envelope. Then π factors through this since G
is injective. On the other hand, the morphism E(F0) → G factors through π
since E(F0) is flat. The minimality of π implies that F0 is a direct summand of
E(F0), and therefore F0 is injective. Now choose a minimal injective copresentation
0 → F1 → I
0 → I1. This gives rise to the following commutative diagram with
exact rows.
F1 F0 G 0
I0 F0 ⊕ I
1 H 0
The vertical morphisms are monomorphism, and therefore G → H splits. The
inverse H → G induces the following commutative diagram with exact rows since
I0 and I1 are flat.
I0 F0 ⊕ I
1 H 0
F1 F0 G 0
Now the minimality of the flat presentation implies that the composition F1 →
I0 → F1 is invertible. Thus F1 is injective. 
Let A be a locally finitely presented Grothendieck abelian category. Set C = fpA
and consider the functor h : A → (Cop,Ab) from Theorem 2.2. Then X ∈ A is
injective if and only if h(X) is injective, since h has an exact left adjoint. In fact, h
takes an injective copresentation in A to one in (Cop,Ab). Thus C satisfies condition
(1) in Lemma 2.5.
Corollary 2.6. Let A be a locally finitely presented Grothendieck abelian category
and consider a minimal projective presentation
HomA(−, X1) −→ HomA(−, X0) −→ F −→ 0
of a functor F in Fp(Aop,Ab). If F |fpA is an injective object in ((fpA)
op,Ab),
then X0 and X1 are injective objects in A.
Proof. The sequence
HomA(−, X1)|fpA −→ HomA(−, X0)|fpA −→ F |fpA −→ 0
is a minimal flat presentation of F |fpA in ((fpA)
op,Ab). Thus the assertion follows
from Lemma 2.5. 
The defect of an exact sequence. We recall the following notion from [1, II.3].
Let A be an abelian category. For an exact sequence
ξ : 0 −→ X −→ Y −→ Z −→ 0
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in A the covariant defect ξ∗ and the contravariant defect ξ
∗ are defined by the
exactness of the following sequences:
0 −→ HomA(Z,−) −→ HomA(Y,−) −→ HomA(X,−) −→ ξ∗ −→ 0
0 −→ HomA(−, X) −→ HomA(−, Y ) −→ HomA(−, Z) −→ ξ
∗ −→ 0
The functors ξ∗ : A → Ab given by the exact sequences ξ in A form an abelian
category, with morphisms the natural transformations. We denote this category
by Eff(A,Ab), because the objects are precisely the finitely presented functors
F : A → Ab that are locally effaceable [11], that is, for each x ∈ F (X) there exists
a monomorphism φ : X → Y such that F (φ)(x) = 0. The assignment F 7→ DA(F )
given by
DA(F )(X) = Ext
2(F,HomA(X,−))
yields an equivalence
(2.2) DA : Eff(A,Ab)
op ∼−−→ Eff(Aop,Ab),
where Ext2(−,−) is computed in the abelian category Fp(A,Ab) and the inverse
is given by DAop . Note that DA(ξ∗) = ξ
∗ and DAop(ξ
∗) = ξ∗. When the context is
clear we write D instead of DA.
We continue with some further properties of locally effaceable functors. For a
discussion of the following result, see also [21].
Lemma 2.7. Suppose that every object X ∈ A admits a monomorphism ι : X → Y
such that Ext1A(−, ι) = 0. Then the assignment φ 7→ Ext
1
A(−, φ) induces for all
objects X,X ′ ∈ A an isomorphism
HomA(X,X
′)
∼
−−→ Hom(Ext1A(−, X),Ext
1
A(−, X
′)).
Clearly, the assumption on A is satisfied when A has enough injective objects.
Proof. Let ξ : 0→ X
ι
−→ Y → Z → 0 be an exact sequence such that Ext1A(−, ι) = 0.
Then we have
ξ∗ ∼= Ext1A(−, X) and ξ∗
∼= HomA(X,−).
Now apply the duality (2.2). 
Lemma 2.8. The inclusion Eff(Aop,Ab)→ Fp(Aop,Ab) admits a right adjoint
eff : Fp(Aop,Ab) −→ Eff(Aop,Ab).
Proof. The right adjoint takes a functor F = CokerHomA(−, φ) given by a mor-
phism φ : X → Y in A to CokerHomA(−, φ
′) where φ′ : X → Imφ is the morphism
induced by φ. 
Auslander-Reiten duality. Let A be an abelian category and C a set of objects
in A. Then every object X in A gives rise to a C-module
Ext1A(C, X) := Ext
1
A(−, X)|C.
Theorem 2.9. Let A be a locally finitely presented Grothendieck abelian category
and C a set of finitely presented objects in A. Then for every injective C-module I
there exists an object τC(I) in A and a natural isomorphism
Hom(Ext1A(C,−), I)
∼= HomA(−, τC(I)).
The special case that C consists of a single object is precisely Theorem 1.1 from
the introduction. The theorem suggests the following definition.
Definition 2.10. The object τC(I) is called the Auslander-Reiten translate with
respect to C ⊆ fpA and I ∈Mod C. The assignment I 7→ τC(I) yields a functor
τC : InjMod C −→ A.
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Proof of Theorem 2.9. We fix C ⊆ fpA and I ∈ Mod C. The functor coindC(I) in
(Aop,Ab) preserves filtered colimits and admits therefore a minimal presentation
0→ HomA(−, T2)→ HomA(−, T1)→ HomA(−, T0)→ coindC(I)→ 0
by Corollary 2.4. In A this gives rise to an exact sequence
η : 0 −→ T2 −→ T1 −→ T¯0 −→ 0.
We set
τC(I) := T2.
Note that T1 is an injective object when I is injective. This follows from Corol-
lary 2.6, because coindC(I) is an injective object in ((fpA)
op,Ab) by Lemma 2.1.
Thus
(2.3) eff coindC(I) ∼= η
∗ ∼= Ext1A(−, τC(I)).
Now fix an object X ∈ A. Then we have
Hom(Ext1A(−, X)|C , I)
∼= Hom(Ext1A(−, X), coindC(I))
∼= Hom(Ext1A(−, X), eff coindC(I))
∼= Hom(Ext1A(−, X),Ext
1
A(−, τC(I)))
∼= HomA(X, τC(I)).
Let us label the nth isomorphism by (n). Then (1) and (2) are adjunctions, given
by (2.1) and Lemma 2.8, (3) uses (2.3), and (4) follows from Lemma 2.7. This
completes the proof. 
One may wonder whether the functor Ext1A(C,−) : A → Mod C admits a right
adjoint. In fact, the proof of Theorem 2.9 provides for an arbitrary C-module I an
object τC(I) and a natural monomorphism
Hom(Ext1A(C,−), I) −→ HomA(−, τC(I)).
It is easily seen that this is not invertible in general.
Remark 2.11. Let C ⊆ D ⊆ fpA and denote by i : C → D the inclusion. Then we
have τC = τD ◦ i∗ where i∗ is the right adjoint of restriction ModD → Mod C.
Remark 2.12. Consider the stable category modulo projectives A. For a set of
objects C ⊆ A let C denote the corresponding subcategory of A. Then we have
Ext1A(C, X) ∈Mod C ⊆ Mod C
for all X ∈ A and one can replace Mod C by Mod C in Theorem 2.9.
Auslander-Reiten duality relative to a base. Let k be a commutative ring.
Suppose that A is a k-linear and locally finitely presented Grothendieck abelian
category.
Corollary 2.13. There is a functor
fpA× InjMod k −→ A, (C, I) 7→ τ(C, I)
and a natural isomorphism
Homk(Ext
1
A(C,−), I)
∼= HomA(−, τ(C, I)).
Proof. Fix C ∈ fpA and set Γ = EndA(C). Observe that Homk(Γ,−) induces a
functor Mod k→ ModΓ that takes injectives to injectives. Then we obtain τ(C,−)
from the Auslander-Reiten translate τC by setting
τ(C,−) = τC(Homk(Γ,−)). 
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A formula for the defect. There is a reformulation of the isomorphism in The-
orem 2.9 in terms of the defect of an exact sequence.
Theorem 2.14. Let A be a locally finitely presented Grothendieck abelian category.
Fix a set C of finitely presented objects and an exact sequence ξ : 0 → X → Y →
Z → 0 in A. Then for every injective C-module I there is a natural isomorphism
Hom(ξ∗|C , I) ∼= ξ∗(τC(I)).
The above isomorphism can be rewritten using the duality (2.2). Thus we obtain
for F in Eff(Aop,Ab) a natural isomorphism
Hom(F |C , I) ∼= D(F )(τC(I)).
Proof of Theorem 2.14. Fix ξ : 0→ X
φ
−→ Y
ψ
−→ Z → 0. It is not hard to see that
ξ∗ ∼= CokerHomA(φ,−) and ξ
∗ ∼= KerExt1A(−, φ).
Combining this with the isomorphism in Theorem 2.9 we get
Hom(ξ∗|C , I) ∼= Hom(KerExt
1
A(C, φ), I)
∼= CokerHom(Ext1A(C, φ), I)
∼= CokerHomA(φ, τC(I))
∼= ξ∗(τC(I)). 
Auslander-Reiten duality modulo projectives. Let A be an abelian category.
Recall that the stable category modulo projectives A is obtained from A by identi-
fying two morphisms φ, φ′ : X → Y if
Ext1A(φ,−) = Ext
1
A(φ
′,−).
We write HomA(−,−) for the morphisms in A.
The following result is a refinement of Corollary 1.2 from the introduction.
Theorem 2.15. Let A be a locally finitely presented Grothendieck abelian category
and C a set of finitely presented objects in A. Then for every injective C-module I
there is a natural monomorphism
α : Ext1A(−, τC(I)) −→ Hom(HomA(C,−), I).
This is an isomorphism for all I if and only if for every object X ∈ A there exists
an epimorphism π : XC → X such that for every morphism φ : C → X with C ∈ C
φ factors through π ⇐⇒ Ext1A(φ,−) = 0.
The condition for α to be an isomorphism expresses the fact that A has locally
enough projective morphisms. Clearly, the condition is satisfied when A has enough
projective objects, but there are also other examples; see Proposition 4.5.
Proof of Theorem 2.15. For X ∈ A we have
Ext1A(X, τC(I))
∼= Hom(HomA(−, X),Ext
1
A(−, τC(I))
∼= Hom(HomA(−, X), eff coindC(I))
⊆ Hom(HomA(−, X), coindC(I))
∼= Hom(HomA(−, X)|C , I).
Let us label the nth isomorphism by (n). Then (1) uses Yoneda’s lemma, (2) follows
from (2.3), and (3) is the adjunction (2.1).
Now assume that there exists an epimorphism π : XC → X such that for
F = CokerHomA(−, π)
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we have F |C ∼= HomA(−, X)|C. Then F is effaceable and we can apply Lemma 2.8.
Thus
Hom(HomA(−, X)|C , I)
∼= Hom(F |C , I)
∼= Hom(F, coindC(I))
∼= Hom(F, eff coindC(I))
∼= Hom(F,Ext1A(−, τC(I))
⊆ Hom(HomA(−, X),Ext
1
A(−, τC(I))
∼= Ext1A(X, τC(I))
and we conclude that α is an isomorphism.
Finally, assume that α is an isomorphism for all I. An injective envelope
η : HomA(C, X)→ J corresponds under α to an extension
0 −→ τC(J) −→ XC
pi
−−→ X −→ 0.
From the functoriality of α one sees that any morphism φ : C → X factors through
π iff the the composition of HomA(C, φ) with η equals zero. The latter condition
means Ext1A(φ,−) = 0. 
Remark 2.16. For X ∈ A there exists an essentially unique morphism π : XC → X
having the following properties:
(1) A morphism φ : C → X with C ∈ C factors through π iff Ext1A(φ,−) = 0.
(2) Every morphism X ′ → X satisfying (1) factors through π.
(3) Every endomorphism ε : XC → XC satisfying πε = π is invertible.
This follows from [16, Theorem 1.1]. Thus the crucial issue for Theorem 2.15 is the
property of π to be an epimorphism.
3. Auslander-Reiten duality for module categories
This section is devoted to giving an explicit construction of the Auslander-Reiten
translate for module categories (Definition 3.3). This is closely related to the orig-
inal construction of Auslander and Reiten [1, 3] but it is not the same.
Stable module categories and the transpose. Let Λ be a ring. Given Λ-
modules X and Y , we set
HomΛ(X,Y ) = HomΛ(X,Y )/{φ | φ factors through a projective module}
and
HomΛ(X,Y ) = HomΛ(X,Y )/{φ | φ factors through an injective module}.
Changing not the objects but the morphisms in ModΛ, we obtain the stable cate-
gory modulo projectives ModΛ. Let modΛ denote the full subcategory of finitely
presented Λ-modules. Analogously, the stable category modulo injectives ModΛ is
defined.
For a finitely presented Λ-module X having a projective presentation
P1 −→ P0 −→ X −→ 0
the transpose TrX is defined by the exactness of the following sequence of Λop-
modules
P ∗0 −→ P
∗
1 −→ TrX −→ 0
where P ∗ = HomΛ(P,Λ).
Lemma 3.1. The transpose induces mutually inverse equivalences
(modΛ)op
∼
−−→ mod(Λop) and mod(Λop)
∼
−−→ (modΛ)op.
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Proof. See Proposition 2.6 in [2]. 
Injective modules over quotient rings. Let π : Γ → Γ¯ be a surjective ring
homomorphism. Then restriction of scalars along π yields a functor Mod Γ¯ →
ModΓ that is fully faithful. This functor has a right adjoint which takes a Γ-
module I to I¯ = HomΓ(Γ¯, I). Thus π induces a monomorphism εI : I¯ → I in
ModΓ which identifies I¯ with the largest submodule of I that is annihilated by
Kerπ and gives the isomorphism
(3.1) HomΓ¯(−, I¯)
∼
−→ HomΓ(−, I).
Let I¯ → E(I¯) denote an injective envelope in ModΓ.
Lemma 3.2. For an injective Γ-module I, we have in Mod Γ¯
I¯
∼
←− HomΓ(Γ¯, I¯)
∼
−→ HomΓ(Γ¯, E(I¯)).
Proof. The first isomorphism is given by εI¯ . The functor HomΓ(Γ¯,−) preserves
injectivity since it is right adjoint to an exact functor. Thus I¯ → HomΓ(Γ¯, E(I¯))
is a split monomorphism, and it is an isomorphism, because the composition with
εE(I¯) is an injective envelope. 
The dual of the transpose. Let Λ be a ring and fix a finitely presented Λ-module
C. Set Γ = EndΛ(C) and Γ¯ = EndΛ(C). The transpose TrC is a Λ
op-module and
there is an isomorphism
γ : EndΛ(C)
∼
−−→ EndΛop (TrC)
op
by Lemma 3.1. For an injective Γ-module I we view I¯ = HomΓ(Γ¯, I) as an
EndΛop(TrC)
op-module via γ and denote by E(I¯) an injective envelope. This yields
the assignment
InjModEndΛ(C) −→ InjModEndΛop(TrC)
op, I 7→ E(I¯).
Definition 3.3. The dual of the transpose (or Auslander-Reiten translate) of C
with respect to I is the Λ-module
τC(I) := HomEndΛop (TrC)op(TrC,E(I¯)).
In Corollary 3.5 we will see that this definition is consistent with the previous
Definition 2.10. In particular, the definition does not depend on any choice when
τC(I) is viewed as an object in ModΛ.
The definition of τC(I) is a variation of Auslander’s definition of the dual of the
transpose in [1, I.3]. To be precise, Auslander starts with an injective module over
EndΛop(TrC)
op whereas the above definition takes as input an injective module
over EndΛ(C). Keeping this difference in mind, the following is the analogue of
Theorem III.4.1 in [1].
Theorem 3.4. Let ξ : 0 → X → Y → Z → 0 be an exact sequence of Λ-modules
and C a finitely presented Λ-module. For an injective EndΛ(C)-module I, there is
a natural isomorphism
HomEndΛ(C)(ξ
∗(C), I) ∼= ξ∗(τC(I)).
Proof. Set Σ = EndΛop(TrC)
op and Σ¯ = EndΛop(TrC)
op. Note that Γ¯ ∼= Σ¯ by
Lemma 3.1. In the following we use that HomΣ(Σ¯, E(I¯)) ∼= I¯ by Lemma 3.2. Also,
the isomorphism (3.1) is used for Γ and Σ.
We fix an exact sequence
ξ : 0 −→ X
φ
−−→ Y
ψ
−−→ Z −→ 0.
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A projective presentation P1 → P0 → C → 0 induces the following commutative
diagram with exact rows.
X ⊗Λ P
∗
0 X ⊗Λ P
∗
1 X ⊗Λ TrC 0
0 HomΛ(C,X) HomΛ(P0, X) HomΛ(P1, X)
≀ ≀
Therefore ξ induces the following commutative diagramwith exact rows and colums.
0 0 0
0 HomΛ(C,X) HomΛ(P0, X) HomΛ(P1, X) X ⊗Λ TrC 0
0 HomΛ(C, Y ) HomΛ(P0, Y ) HomΛ(P1, Y ) Y ⊗Λ TrC 0
0 HomΛ(C,Z) HomΛ(P0, Z) HomΛ(P1, Z) Z ⊗Λ TrC 0
0 0 0
Now we apply the snake lemma and use adjunctions plus the isomorphism from
Lemma 3.2, as explained above. This yields
HomΓ(ξ
∗(C), I) = HomΓ(CokerHomΛ(C,ψ), I)
∼= HomΓ(CokerHomΛ(C,ψ), I)
∼= HomΓ¯(CokerHomΛ(C,ψ), I¯)
∼= HomΣ¯(Ker(φ⊗Λ TrC), I¯)
∼= HomΣ(Ker(φ⊗Λ TrC), E(I¯))
∼= CokerHomΣ(φ⊗Λ TrC,E(I¯))
∼= CokerHomΛ(φ,HomΣ(TrC,E(I¯)))
= ξ∗(τC(I))
and the proof is complete. 
The following result says that the dual of the transpose τC(I) is unique up to
morphisms that factor through an injective module; it is the representing object of
the functor
HomEndΛ(C)(Ext
1
Λ(C,−), I).
For the analogues in Auslander’s work [1], see Proposition I.3.4 and Corollary III.4.3.
Corollary 3.5. Let Λ be a ring and C a finitely presented Λ-module. Sending an
injective EndΛ(C)-module I to τC(I) gives a functor
τC : InjModEndΛ(C) −→ ModΛ
such that
HomEndΛ(C)(Ext
1
Λ(C,−), I)
∼= HomΛ(−, τC(I))(3.2)
and
HomEndΛ(C)(HomΛ(C,−), I)
∼= Ext1Λ(−, τC(I)).(3.3)
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Proof. Both isomorphisms follow from the isomorphism in Theorem 3.4 by choosing
an appropriate exact sequence ξ : 0 → X → Y → Z → 0. In the first case choose
Y to be injective. Then ξ∗ ∼= HomΛ(X,−) and ξ
∗ = Ext1Λ(−, X). In the second
case choose Y to be projective. Then ξ∗ ∼= HomΛ(−, Z) and ξ∗
∼= Ext1Λ(Z,−). In
particular, the assignment I 7→ τC(I) is functorial. 
We have identified the Auslander-Reiten translate τC(I) as the representing ob-
ject of a specific functor. The following remark suggests that τC(I) is the ‘universal
kernel’ of certain epimorphisms that are right determined by C.
Remark 3.6. Fix a finitely presented Λ-module C and recall from [1] that a mor-
phism α : X → Y is right C-determined if for any morphism α′ : X ′ → Y we have
ImHomΛ(C,α
′) ⊆ ImHomΛ(C,α) ⇐⇒ α
′ factors through α.
Now let
ξ : 0 −→ τC(I) −→ X
α
−−→ Y −→ 0
be an exact sequence of Λ-modules and H the kernel of an EndΛ(C)-linear map
HomΛ(C, Y )։ HomΛ(C,−)
η
−→ I.
Then ξ corresponds to η under the isomorphism (3.3) if and only if α is right C-
determined with H = ImHomΛ(C,α). This follows from the functoriality of (3.3).
Remark 3.7. In Theorem 3.4 one can replace the finitely presented Λ-module C by
a set of finitely presented modules, as in Theorem 2.14.
Examples. (1) Let Λ be a k-algebra over a commutative ring k. For a finitely
presented Λ-module C and an injective k-module I we have τ(C, I) = Homk(TrC, I)
and therefore
Homk(Ext
1
Λ(C,−), I)
∼= HomΛ(−, τ(C, I)).
For an elementary proof see [15].
(2) Let Λ be a noetherian algebra over a complete local ring k. Then Matlis
duality over k composed with the transpose Tr identifies the noetherian Λ-modules
(modulo projectives) with the artinian Λ-modules (modulo injectives); see [1].
(3) Let Λ be a Dededkind domain. Then the Auslander-Reiten translate iden-
tifies the noetherian Λ-modules (modulo projectives) with the artinian Λ-modules
(modulo injectives).
4. Auslander-Reiten duality for quasi-coherent sheaves
This section is devoted to giving an explicit construction of the Auslander-Reiten
translate for the category of quasi-coherent modules over a scheme (Definition 4.3).
In particular, we explain the connection to Serre duality for a non-singular projec-
tive scheme over a field.
Let k be a field and X a quasi-compact and quasi-separated scheme over k, given
by a morphism f : X→ Y = Spec k. Consider the category QcohX of quasi-coherent
OX-modules and note that every object is a filtered colimit of finitely presented OX-
modules [13, I.6.9.12]. Thus the Grothendieck abelian category QcohX is locally
finitely presented.
From now on assume that the scheme X is locally noetherian. Then an OX-
module is coherent if and only if it is finitely presented.
For an abelian category A let D(A) denote its derived category. In [20], Neeman
shows that Grothendieck duality is a formal consequence of Brown representabilty,
that is, the derived direct image functor
Rf∗ : D(QcohX) −→ D(QcohY)
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has a right adjoint
f ! : D(QcohY) −→ D(QcohX).
Now fix objects C,X ∈ QcohX and suppose that C is coherent.
The following lemma may be deduced from a more general statement in SGA 6;
see Proposition 3.7 in [5, Exp. I].
Lemma 4.1. There is in D(QcohX) a natural isomorphism
σ : X
L
⊗X RHomX(C,OX)
∼
−→ RHomX(C,X).
Proof. Given a ring Λ and Λ-modules M,N , there is a natural morphism
N ⊗Λ HomΛ(M,Λ) −→ HomΛ(M,N)
which is an isomorphism when M is finitely generated projective. This gives the
morphism σ which is an isomorphism because C is locally isomorphic to a bounded
above complex of finitely generated projective modules (since X is locally noe-
therian) while X is a bounded below complex. For the affine case, see also [18,
Lemma 3.1]. 
Lemma 4.2. There is a natural isomorphism
Homk(RHomD(X)(C,X), k) ∼= HomD(X)(X,RHomX(RHomX(C,OX), f
!k)).
Proof. Combining Grothendieck duality, Lemma 4.1, and tensor-hom adjunction,
we obtain the following chain of isomorphisms:
Homk(RHomD(X)(C,X), k) ∼= HomD(Y)(Rf∗RHomX(C,X), k)
∼= HomD(X)(RHomX(C,X), f
!k)
∼= HomD(X)(X
L
⊗X RHomX(C,OX), f
!k)
∼= HomD(X)(X,RHomX(RHomX(C,OX), f
!k)). 
Given a complex M of OX-modules and n ∈ Z, let i(M) denote a K-injective
resolution [24] and set
Zn(M) = Ker(Mn →Mn+1).
Definition 4.3. The Auslander-Reiten translate of a coherent OX-module C is the
OX-module
τ(C, k) := Z−1i(RHomX(RHomX(C,OX), f
!k)).
The following result shows that this definition is consistent with the notation
from Corollary 2.13. In particular, the definition does not depend on any choice
when τ(C, k) is viewed as an object of the stable category modulo injectives.
Theorem 4.4. Let X be a locally noetherian scheme over a field k. For a coherent
OX-module C there is a natural isomorphism
HomX(−, τ(C, k))
∼
−→ Homk(Ext
1
X
(C,−), k)
and a natural monomorphism
Ext1
X
(−, τ(C, k)) →֒ Homk(HomX(C,−), k)
which is an isomorphism if and only if H0(RHomX(RHomX(C,OX), f
!k)) = 0.
Proof. Set A = QcohX. The assignment M 7→ i(M) yields a fully faithful and
exact functor D(A) → K(InjA); see [24]. Thus we can apply Lemma A.1 and get
both morphisms from the isomorphism in Lemma 4.2. 
14 HENNING KRAUSE
Let X be a non-singular proper scheme of dimension d ≥ 1 over a field k. Then
the above calculation simplifies since
RHomX(RHomX(C,OX), f
!k) ∼= C
L
⊗X f
!k and f !k ∼= ωX[d]
where ωX denotes the dualising sheaf. The first isomorphism is clear since C is
isomorphic to a bounded complex of locally free sheaves, and for the second iso-
morphism see [14, IV.4]. Thus
τ(C, k) = Zd−1i(C ⊗X ωX).
Moreover, the isomorphism in Lemma 4.2 gives
Homk(HomX(C,−), k) ∼= Ext
d
X
(−, C ⊗X ωX) ∼= Ext
1
X
(−,Σd−1(C ⊗X ωX))
where Σd−1 denotes the (d−1)st syzygy in a minimal injective resolution. This iso-
morphism is a variation of Serre duality [12, Exp. XII] and equals the isomorphism
from Theorem 2.15. In particular, we have Hom
X
(C,−) = HomX(C,−).
The following is an application of Theorem 2.15.
Proposition 4.5. Let X be a non-singular proper scheme of dimension d ≥ 1 over
a field, and fix a pair of OX-modules C,X such that C is coherent. Then there
exists an epimorphism π : XC → X such that for every morphism φ : C → X the
following holds:
φ factors through π ⇐⇒ Ext1
X
(φ,−) = 0 ⇐⇒ φ = 0.
Proof. The construction of π is given in the proof of Theorem 2.15. 
Remark 4.6. (1) There is a canonical choice for π : XC → X ; see Remark 2.16.
(2) When X is coherent, then there is a choice for π : XC → X such that XC is
coherent.
(3) One may conjecture that the second morphism in Theorem 4.4 induces an
isomorphism
Ext1
X
(−, τ(C, k))
∼
−→ Homk(HomX(C,−), k).
Some questions. Let A be a Grothendieck abelian category.
(1) Is there an alternative construction of the Auslander-Reiten translate τC for
a finitely presented object C ∈ A that is not based on the existence of flat covers?
(2) Are there examples when the morphism
Ext1A(−, τC(I)) −→ HomΓ(HomA(C,−), I)
from Theorem 2.15 is not invertible?
(3) Suppose that fpA is k-linear and Ext-finite over a field k. When is the
Auslander-Reiten translate τ(C, k) finitely presented for all C in fpA? And when
does the Auslander-Reiten translate induce an equivalence between the projectively
stable and the injectively stable category associated with fpA?
An important class where both properties hold are given by categories A such
that fpA is a dualising k-variety [3]. However, weighted projective lines [10] provide
interesting examples where these properties hold but fpA is not a dualising k-
variety; see also [9, 19].
(4) Suppose that A is locally noetherian and that fpA is k-linear and Ext-finite
over a complete local ring k. When does the Auslander-Reiten translate (via Matlis
duality over k) induce an equivalence between the projectively stable category of
noetherian objects and the injectively stable category of artinian objects?
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Appendix A. Complexes of injectives and the stable category
Let A be an abelian category and let InjA denote the full subcategory of injec-
tive objects. The chain complexes in InjA with morphisms the chain maps up to
homotopy are denoted by K(InjA).
Suppose that A has enough injective objects. Then we denote by
i : A −→ K(InjA)
the fully faithful functor that takes an object in A to an injective resolution.
For an integer n consider the functor
Zn : K(InjA) −→ A, X 7→ Ker(Xn → Xn+1).
Note that for X ∈ K(InjA) there is a natural morphism iZ0(X)→ X .
Lemma A.1. For objects X ∈ A and Y ∈ K(InjA) the following holds.
(1) If HomK(InjA)(−, Y ) vanishes on complexes concentrated in degree zero,
then Z0 induces a natural isomorphism
HomK(InjA)(i(X), Y )
∼
−→ HomA(X,Z
0(Y )).
(2) There is a natural monomorphism
Ext1A(X,Z
−1(Y )) →֒ HomK(InjA)(i(X), Y )
which is an isomorphism for all X ∈ A if and only if H0(Y ) = 0.
Proof. The proof is straightforward. The second morphism is the composition of
Ext1A(X,Z
−1(Y ))
∼
−→ HomK(InjA)(i(X), iZ
−1(Y )[1])
and the morphism induced by iZ−1(Y )[1]→ Y . 
Appendix B. Natural maps of extension functors
We rewrite the isomorphisms (1.1) and (1.2) from the introduction in terms of
natural transformations between extension functors. This is based on Lemma 2.7
and reveals the symmetry between both formulas.
Let A be a Grothendieck abelian category that is locally finitely presented. Fix
a finitely presented object C and and injective module I over Γ = EndA(C). Then
for X ∈ A there is a natural isomorphism
HomΓ(Hom(HomA(X,−),Ext
1
A(C,−)), I)
∼= Hom(Ext1A(−, X),Ext
1
A(−, τC(I))).
When A has enough projective morphisms we have also
HomΓ(Hom(Ext
1
A(X,−),Ext
1
A(C,−)), I)
∼= Hom(HomA(−, X),Ext
1
A(−, τC(I))).
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